Abstract. In this paper we consider the hyponormality of Toeplitz operators Tϕ on the Bergman space L 2 a (D) with symbol in the case of function f +g with polynomials f and g. We present some necessary conditions for the hyponormality of Tϕ under certain assumptions about the coefficients of ϕ.
Introduction
A bounded linear operator A on a Hilbert space is said to be hyponormal if its selfcommutator [A * , A] := A * A − AA * is positive semidefinite. The purpose of this paper is to study hyponormality for Toeplitz operators acting on the Bergman space L 
denote the Hardy space of the unit circle
where f is in H 2 (T) and P + denotes the orthogonal projection that maps L 2 (T) onto H 2 (T). Basic properties of the Bergman space and the Hardy space can be found in [1] , [3] and [4] . The hyponormality of Toeplitz operators on the Hardy space has been studied by C. Cowen [2] , T. Nakazi and K. Takahashi [8] , W. Y. Lee [5] , [6] and others. In [2] (D) . In fact the study of hyponormal Toeplitz operators on the Bergman space seems to be scarce from the literature.
In this paper we study the hyponormality of Toeplitz operators T ϕ on the Bergman space L 2 a (D) with symbols in the case of function ϕ = g +f with polynomials f and g. Since the hyponormality of operators is translation invariant we may assume that f (0) = g(0) = 0. We shall list the well-known properties of Toeplitz operators T ϕ on the Bergman space.
If f, g are in L ∞ (D) then we can easily check that
These properties enable us to establish several consequences of hyponormality. [9] ). Let f, g be bounded and analytic. Then the followings are equivalent.
Very recently, in [7] , it was shown that if
In this paper we continue to examine the hyponormality of T ϕ in the cases where ϕ is a trigonometric polynomial.
Main result
In this section we present some necessary conditions for hyponormality of T ϕ . First of all, observe that for any s, t nonnegative integers,
The following lemmas will be used for proving the main result of this section.
Proof. Let T f +g be a hyponormal operator. By proposition 1.1, we have ||f || ≥ ||g||. Observe that
This proves the equation (i). The equation (ii) and (iii) are immediate from (i).
Our main result now follows:
If T ϕ is hyponormal and |a N | ≤ |a −N |, then we have
Thus by Lemma 2.1, we have
If i ≥ m , it follows from Lemma 2.1 that
Combining (2) and (4), we see that
Combining (3) and (5), we see that
Therefore applying Proposition 1.1 gives that if T ϕ is hyponormal then
Then ξ is a strictly decreasing function and
Since ξ(n) ≥ m 2 N 2 , it follows from (6) that T ϕ is hyponormal, then we have
This completes the proof.
The following example shows that the converse of Theorem 3.2 is not true.
Example. Consider the trigonometric polynomial ϕ(z) = 2z 2 + 2z − 4z + z 2 .
Then ϕ satisfies the inequality (1) . But a straightforward calculation shows that (H * f H f − H * g H g )(1 + 2z), (1 + 2z) = 9 1 3 − 14 < 0.
Therefore T ϕ is not hyponormal.
